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Abstract
An edge labeling of a connected graph G = (V,E) is said to be local antimagic if it is a bijection
f : E → {1, . . . , |E|} such that for any pair of adjacent vertices x and y, f+(x) 6= f+(y), where the
induced vertex label f+(x) =
∑
f(e), with e ranging over all the edges incident to x. The local antimagic
chromatic number of G, denoted by χla(G), is the minimum number of distinct induced vertex labels
over all local antimagic labelings of G. Let χ(G) be the chromatic number of G. In this paper, sharp
upper and lower bounds of χla(G) for G with pendant vertices, and sufficient conditions for the bounds to
equal, are obtained. Consequently, for k ≥ 1, there are infinitely many graphs with k ≥ χ(G)− 1 pendant
vertices and χla(G) = k + 1. We conjecture that every tree Tk, other than certain caterpillars, spiders
and lobsters, with k ≥ 1 pendant vertices has χla(Tk) = k + 1.
Keywords: Local antimagic labeling, local antimagic chromatic number, cut-vertices, pendants.
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1 Introduction
A connected graph G = (V,E) is said to be local antimagic if it admits a local antimagic edge labeling, i.e.,
a bijection f : E → {1, . . . , |E|} such that the induced vertex labeling f+ : V → Z given by f+(u) =
∑
f(e)
(with e ranging over all the edges incident to u) has the property that any two adjacent vertices have distinct
induced vertex labels [1]. Thus, f+ is a coloring of G. Clearly, the order of G must be at least 3. The vertex
label f+(u) is called the induced color of u under f (the color of u, for short, if no ambiguous occurs). The
number of distinct induced colors under f is denoted by c(f), and is called the color number of f . The local
antimagic chromatic number of G, denoted by χla(G), is min{c(f) : f is a local antimagic labeling of G}.
Clearly, 2 ≤ χla(G) ≤ |V (G)|. Haslegrave [4] proved that every graph is local antimagic. This paper relates
the number of pendant vertices of G to χla(G). Sharp upper and lower bounds, and sufficient conditions for
the bounds to equal, are obtained. Consequently, there exist infinitely many graphs with k ≥ χ(G)− 1 ≥ 1
pendant vertices and χla(G) = k+1. We conjecture that every tree Tk, other than certain caterpillars, with
k ≥ 1 pendant vertices has χla(Tk) = k + 1. The following two results in [7] are needed.
Lemma 1.1. Let G be a graph of size q containing k pendants. Let f be a local antimagic labeling of G
such that f(e) = q. If e is not a pendant edge, then c(f) ≥ k + 2.
1Corresponding author.
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Theorem 1.2. Let G be a graph having k pendants. If G is not K2, then χla(G) ≥ k + 1 and the bound is
sharp.
The sharp bound for k ≥ 2 is given by the star Sk with maximum degree k. The left labeling below is
another example for k = 2. The right labeling shows that the lower bound is sharp for k = 1.
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For 1 ≤ i ≤ t, ai, ni ≥ 1 and d =
∑t
i=1 ni ≥ 3, a spider of d legs, denoted Sp(a
[n1]
1 , a
[n2]
2 , . . . , a
[nt]
t ), is a tree
formed by identifying an end-vertex of ni path(s) of length ai. The vertex u of degree d is the core of the
spider. Note that Sp(1[n]) is the star graph of n pendant vertices with χla(Sp(1
[n])) = n + 1. We first give
a family of spiders with k pendant vertices to have χla > k + 1.
Theorem 1.3. For n ≥ 3,
χla(Sp(2
[n]) =


n+ 2 if n ≥ 4
n+ 1 otherwise.
Proof. Let the neighbors of u be v1, . . . , vn. Let wi be the pendant adjacent to vi, 1 ≤ i ≤ n. By Theo-
rem 1.2, it is easy to conclude that χla(Sp(2
[3])) = 4. Consider n ≥ 4. Let f be a local antimagic labeling
of Sp(2[n]) with minimum c(f). By Lemma 1.1 and symmetry, suffice to consider f(v1w1) = 2n = f
+(w1).
By definition, f+(u) 6= f+(v1). Now, f
+(u) > n(n + 1)/2 > 2n ≥ f+(wi) and f
+(v1) = 2n > f
+(wi) for
1 ≤ i ≤ n. Thus, c(f) ≥ n+ 2 and χla(Sp(2
[n])) ≥ n+ 2.
Define a bijection f : E(Sp(2[n])) → [1, 2n] such that f(uvi) = i and f(viwi) = 2n + 1 − i. We have
f+(u) = n(n+1)/2 > f+(vi) = 2n+1 > f
+(wi) = 2n+1− i, 1 ≤ i ≤ n. Consequently, χla(Sp(2
[n])) = n+2
for n ≥ 4. The theorem holds. 
2 Adding pendant edges
Suppose G has e ≥ 2 edges with χla(G) = t ≥ 2 such that the corresponding local antimagic labeling f
induces a t-independent set {V1, V2, . . . , Vt} with |Vi| = ni ≥ 1. Moreover, each non-pendant vertex must be
in one of Vi for 1 ≤ i ≤ r ≤ t, and Vi is a singleton consisting of a pendant vertex for r + 1 ≤ i ≤ t if r < t.
Let f+(v) = ci for each vertex v ∈ Vi. Without loss of generality, we assume that c1 < c2 < · · · < cr and
that cr+1 < cr+2 < · · · < ct. Note that cr+1 to ct do not exist for r = t. By Theorem 1.2, G contains at
most t− 1 pendant vertices.
Let b ≥ 0 be the number of pendant vertices in ∪ri=1Vi so that G has exactly t− r + b pendant vertices.
Let f(u′v′) = e ≤ f+(u′) < f+(v′) such that v′ ∈ Vi, 1 ≤ i ≤ r and that u
′ ∈ Vj . Suppose e = f
+(u′), then
u′ is a pendant vertex. We now have (a) j < i ≤ r so that 1 ≤ b ≤ j or (b) i ≤ r < j so that 0 ≤ b ≤ i− 1.
Otherwise, if e < f+(u′), then u′ is not a pendant vertex so that j < i ≤ r and 0 ≤ b ≤ j − 1.
Let G(Vi, s) be a graph obtained from G by adding s pendant edges vawa,k (1 ≤ k ≤ s) to each vertex
in Vi = {va | 1 ≤ a ≤ ni}.
Theorem 2.1. Suppose G and G(Vi, s) are as defined above. Let r ≥ 2 and
e+ sni ≥


cr for i < r
cr−1 for i = r
such that s ≥ 1 if ni = 1, and s ≥ 2 is even if ni ≥ 2.
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(1) Suppose e < c1. For 1 ≤ i ≤ r, χla(G(Vi, s)) = sni + t− r + 1.
(2) Suppose c1 ≤ e < c2, then χla(G(V1, s)) = sn1 + t − r + 1. For 2 ≤ i ≤ r, sni + t − r + b + 1 ≤
χla(G(Vi, s)) ≤ sni + t− r + 2. Moreover, if c1 = e and b = 1, then χla(G(Vi, s)) = sni + t− r + 2.
(3) Suppose cj−1 ≤ e < cj for 3 ≤ j ≤ r, then
(a) sni + t− r + b ≤ χla(G(Vi, s)) ≤ sni + t− r + j − 1 for 1 ≤ i ≤ j − 1, if Vi has a pendant vertex;
(b) sni+ t− r+ b+1 ≤ χla(G(Vi, s)) ≤ sni+ t− r+ j− 1 for 1 ≤ i ≤ j− 1, if Vi has no pendant vertex;
(c) sni + t− r + b+ 1 ≤ χla(G(Vi, s)) ≤ sni + t− r + j for j ≤ i ≤ r.
Moreover, when cj−1 = e and b = j − 1, χla(G(Vi, s)) = sni + t − r + j − 1 for 1 ≤ i ≤ j − 1, and
χla(G(Vi, s)) = sni + t− r + j for j ≤ i ≤ r.
In particular, if cr−1 ≤ e < cr, then in G(Vr, s), the condition on e+ sni is simplified to s ≥ 1 for nr = 1,
and s ≥ 2 is even for nr ≥ 2.
Proof. Note that G must contain a non-pendant vertex v such that f+(v) > e. So cr > e ≥ ct. Moreover,
uv 6∈ E(G) implies that uv 6∈ E(G(Vi, s)). For 1 ≤ i ≤ r, define a bijection gi : E(G(Vi, s)) → [1, e + sni]
such that gi(e) = f(e) if e ∈ E(G) and that
gi(vawa,k) = e+ [k +
(−1)k
2 −
1
2 ]ni − (−1)
k(a− 12) +
1
2 =


e+ (k − 1)ni + a if k is odd,
e+ kni + 1− a if k is even.
Therefore g+i (va) = ci+es+
s
2(sni+1) > e+sni when s is even; g
+
i (va) = ci+es+
s
2(s+1)+a−1 > e+sni
when s is odd (in this case ni = 1 and a = 1).
Observe that g+i (v) = f
+(v) for each v 6∈ Vi so that c1, . . . , ci−1, ci+1, . . . , ct are vertex colors un-
der gi. Moreover, for va ∈ Vi, f
+(va) is replaced by g
+
i (va) > ct for 1 ≤ a ≤ ni and
{g+i (wa,k) = gi(vawa,k) | 1 ≤ a ≤ ni, 1 ≤ k ≤ s} = [e+ 1, e + sni].
(1) Since e < c1, in G(Vi, s), we have cr+1 < · · · < ct < e+1 ≤ c1 < · · · < cr ≤ e+ sni when 1 ≤ i < r, and
cr+1 < · · · < ct < e+1 ≤ c1 < · · · < cr−1 ≤ e+sni when i = r. So ({cj | 1 ≤ j ≤ r}\{ci}) ⊂ [e+1, e+sni]
but all the cr+1, . . . , ct are not in [e + 1, e + sni]. Since ci + es +
s
2(nis + 1) > e + sni, gi is a local
antimagic labeling with induced vertex color set {cr+1, cr+2, . . . , ct}∪[e+1, e+sni]∪{ci+es+
s
2(nis+1)}.
Therefore, χla(G(Vi, s)) ≤ sni + t− r + 1. Since G(Vi, s) contains at least sni + t− r pendant vertices,
by Theorem 1.2, χla(G(Vi, s)) ≥ sni + t− r + 1. Thus, χla(G(Vi, s)) = sni + t− r + 1.
(2) For c1 ≤ e < c2, in G(Vi, s), similar to the above case, ({cj | 1 ≤ j ≤ r} \ {c1, ci}) ⊂ [e+ 1, e + sni] but
all the c1, cr+1, . . . , ct are not in [e+ 1, e + sni].
Suppose i = 1, then g1 is a local antimagic labeling with induced vertex color set {cr+1, cr+2, . . . , ct} ∪
[e+ 1, e + sn1] ∪ {c1 + es+
s
2(n1s+ 1)}. Thus, χla(G(V1, s)) ≤ sn1 + t− r + 1. By the same argument
of (1), we get χla(G(V1, s)) = sn1 + t− r + 1.
Suppose 2 ≤ i ≤ r. In this case, 0 ≤ b ≤ 1. Similar to the above case, gi is a local antimagic labeling
with induced vertex color set {cr+1, cr+2, . . . , ct, c1} ∪ [e + 1, e + sni] ∪ {ci + es +
s
2(sni + 1)}. Thus,
χla(G(V1, s)) ≤ sni+t−r+2. Combining with Theorem 1.2, we have sni+t−r+b+1≤ χla(G(Vi, s)) ≤
sni + t− r + 2. Moreover, e = c1 implies that b = 1 so χla(G(Vi, s)) = sni + t− r + 2.
(3) For cj−1 ≤ e < cj , 3 ≤ j ≤ r, we have 0 ≤ b ≤ j − 1. In G(Vi, s), similar to above case, {cj , . . . , cr} ⊂
[e+1, e+sni] but all the c1, . . . , cj−1 are not in [e+1, e+sni]. Similar to the above case, if 1 ≤ i ≤ j−1,
then gi is a local antimagic labeling with induced vertex color set {ck | r + 1 ≤ k ≤ t} ∪ ({ck | 1 ≤ k ≤
j−1}\{ci})∪[e+1, e+sni]∪{ci+es+
s
2(nis+1)} so that χla(G(Vi, s)) ≤ sni+t−r+j−1. If j ≤ i ≤ r, then
the induced vertex color set is {ck | r+1 ≤ k ≤ t}∪{ck | 1 ≤ k ≤ j−1}∪[e+1, e+sni]∪{ci+es+
s
2(nis+1)}
so that χla(G(Vi, s)) ≤ sni + t− r + j.
Note that for 1 ≤ i ≤ j − 1, if Vi has a pendant vertex, then G(Vi, s) has sni + t − r + b − 1 pendant
vertices, otherwise G(Vi, s) has sni + t − r + b pendant vertices. For j ≤ i ≤ t, G(Vi, s) also has
sni + t − r + b pendant vertices. Combining with Theorem 1.2, we have the conclusion. Moreover, if
cj−1 = e and b = j − 1, only case (a) exists for 1 ≤ i ≤ j − 1 so that χla(G(Vi, s)) = sni + t− r + j − 1,
and χla(G(Vi, s)) = sni + t− r + j for j ≤ i ≤ r.
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In particular, if cr−1 ≤ e < cr, we know the condition e+ snr ≥ cr−1 always hold and can be omitted. 
Example 2.1.
(1) In [5, Theorem 5], the authors proved that every G = W4k, k ≥ 1 with e = 8k edges admits a local
antimagic labeling with χla(W4k) = 3 such that for k ≥ 2, e < c1 = 9k + 2 < c2 = 11k + 1 < c3 =
2k(12k + 1), while W4 has c1 = 11, c2 = 15, c3 = 20. Moreover, n1 = n2 = 2k, n3 = 1. Thus, r = t = 3.
Suppose k ≥ 2, we can add s ≥ 12k − 3 (s even) pendant edges to each vertex in Vi, i = 1 or 2, and
label them accordingly. We can also add s ≥ 3k + 1 pendant edges to the vertex in V3 and label them
accordingly. By Theorem 2.1, we get W4k(Vi, s) that has χla = sni + 1 for the respective s and ni. We
can also add edges to W4 similarly.
(2) The right graph under Theorem 1.2, say G, has e = 7 with t = r = 2; c1 = 7, c2 = 14 and n1 = 4, n2 = 2.
Thus, χla(G(V1, s)) = 4s+1. In particular, since c1 = e and b = 1, we also can get χla(G(V2, s)) = 2s+2.
(3) The left graph under Theorem 1.2, say H, has e = 5 with t = r = 3; c1 = 4 < c2 = e < c3 and b = 2.
Thus, χlaH(V3, s) = s+ 3 for s ≥ 1.
By a similar argument for Theorem 2.1, we can get the following theorem.
Theorem 2.2. Suppose G 6∼= K1,e and G(Vi, s) are as defined above with r < t and e + s ≥ cr. Let
r + 1 ≤ i ≤ t.
(1) If e < c1, then χla(G(Vi, s)) = s+ t− r.
(2) If cj−1 ≤ e < cj for 2 ≤ j ≤ r, then s + t − r + b ≤ χla(G(Vi, s)) ≤ s + t − r + j − 1. Moreover, if
b = j − 1, then χla(G(Vi, s)) = s+ t− r + j − 1.
Example 2.2.
(1) It is easy to verify that the graph G below has χla(G) = 9 with e = 9 < c1 = 10, c2 = 20, c3 = 25 and
r = 3 < t = 9. We may apply Theorem 2.2 (1) accordingly.
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(2) We can add k ≥ 1 pendant edges to the degree 4 vertex of the left graph under Theorem 1.2 and label the
edges by 6 to 5+k bijectively to get a graph, say G, with k+2 pendant vertices. Clearly, r = 3 < t = k+3
with c1 = 4, c2 = 5 < e = k + 5 < c3 = (k + 3)(k + 8)/2, ci = i + 2 for i = 4, . . . , k + 2, j = 3 and
b = j − 1. By Theorem 2.2 (2), we know χla(G(Vi, s)) = s+ k + 2 for s ≥ (k + 2)(k + 7)/2.
Suppose G is a graph containing k ≥ 1 pendant vertices with χla(G) = k+1. Keeping the notation defined
before Theorem 2.1, we have t = k + 1. Then there is only one independent set, which is Vr, containing no
pendant vertex. Clearly, r ≥ 1. So we have c1 < · · · < cr−1 ≤ e < cr and cr+1 < · · · < ck+1 ≤ e for r ≥ 2,
whereas for r = 1, G ∼= K1,k, k ≥ 2 with c1 = k(k + 1)/2 and ci = i− 1 for 2 ≤ i ≤ k + 1.
Corollary 2.3. Keep all notation defined before Theorem 2.1. Suppose G has k pendant vertices and
χla(G) = k + 1. Let
e+ sni ≥


cr for i ∈ [1, k + 1] \ {r}
cr−1 for i = r
such that s ≥ 1 if ni = 1, and s ≥ 2 is even if ni ≥ 2, then G(Vr, s) has snr + k − 1 pendant vertices with
χla(G(Vr, s)) = snr + k + 1, whereas G(Vi, s) has sni + k − 1 pendant vertices with χla(G(Vi, s)) = sni + k
when i ∈ [1, k + 1] \ {r}.
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Proof. Suppose r = 1. Recall that e = k and c1 = k(k + 1)/2. Since G(V1, s) ∼= K1,k+s, we only consider
G(Vi, s), 2 ≤ i ≤ k + 1. By labeling the s added edges of G(Vi, s) by k + 1 to k + s bijectively, ci is now
replaced by i−1+ks+s(s+1)/2 > k+s ≥ c1 > ck+1 > · · · > c2. Thus, G(Vi, s) now admits a local antimagic
labeling with vertex color set [1, k+ s] \ {i− 1} ∪ {i− 1+ ks+ s(s+1)/2}. Therefore, χla(G(Vi, s)) ≤ s+ k.
Since G(Vi, s) has s+ k − 1 pendant vertices, by Theorem 1.2, the equality holds.
Consider r ≥ 2. Suppose i = r, then G(Vr, s) has snr+k pendant vertices so that χla(G(Vr, s)) ≥ snr+k+1.
By a labeling gi as in the proof of Theorem 2.1, we know gi is a local antimagic labeling with induced vertex
color set {c1, c2, . . . , cr−1, cr+1, . . . , ck+1}∪[e+1, e+snr]∪{g
+
r (v) | v ∈ Vr} of size snr+k+1. By Theorem 1.2,
we have χla(G(Vr, s)) = snr + k + 1.
Suppose i ∈ [1, k+1]\{r}, then G(Vi, s) has sni+k−1 pendant vertices so that χla(G(Vi, s)) ≥ sni+k. By
a labeling gr as in the proof of Theorem 2.1, we know gr is a local antimagic labeling with induced vertex
color set ({c1, c2, . . . , ck+1} \ {ci, cr})∪ [e+1, e+ sni]∪ {g
+
i (v) | v ∈ Vi} of size snr + k. By Theorem 1.2, we
have χla(G(Vr, s)) = snr + k. 
Example 2.3. Consider W4 under Example 2.1. We have W4(V3, 12) with k = 12, χla(W4(V3, 12)) = 13
and c1 = 11, c2 = 15 < e = 20 < c3 = 194. Moreover, Pn, n ≥ 3 and K1,k, is a tree with k ≥ 2 pendant
vertices and χla = k + 1. We may apply Corollary 2.3 accordingly.
Thus, we get the following.
Theorem 2.4. For k ≥ 1, there exist infinitely many graphs G with k ≥ χ(G)− 1 ≥ 1 pendant vertices and
χla(G) = k + 1.
Let G − e be the graph G with an edge e deleted. In [6, Lemmas 2.2-2.4], the authors obtained sufficient
conditions for χla(G) = χla(G− e). We note that these lemmas may be applied to G(Vi, s) if all vertices in
each Vj , 1 ≤ j ≤ t, are of same degree like W4k(Vi, s) in Example 2.1.
3 Existing results and open problems
In [2], [5, Theorem 7 and Theoreom 9] and [7, Theorems 2.4-2.6, 2.9, 3.1, Lemma 2.10 and Section 3], the
authors also determined the exact value of χla(G) for many families of G with pendant vertices. Particularly,
they showed that there are infinitely many caterpillars of k-pendant vertices with χla = k+1 or χla ≥ k+2.
Note that [7, Theorem 2.6] corrected Theorem 2.2 in [8]. A lobster is a tree such that the removal of its
pendant vertices resulted in a caterpillar. Note that the graph Sp(2[n]) is also a lobster. We end this paper
with the followings.
Conjecture 3.1. Every tree Tk, other than certain caterpillars, spiders and lobsters, with k ≥ 2 pendant
vertices has χla(Tk) = k + 1.
Problem 3.1. Characterize all graphs G with k ≥ χ(G)− 1 ≥ 1 pendant vertice(s) and χla(G) = k + 1.
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